Abstract. Traces Φ on von Neumann algebras with values in complex order complete vector lattices are considered. The full description of these traces is given for the case when Φ is the Maharam trace. The version of Radon-Nikodym-type theorem for Maharam traces is established.
Introduction
The theory of integration for measures µ with values in order complete vector lattices has inspired the study of (bo)-complete latticenormed spaces L p (µ) (see, for example, [1] , 6.1.8). The spaces L p (µ) are the Banach-Kantorovich spaces if the measure µ possesses the Maharam property. In the proof of this fact, description of Maharam operators acting in order complete vector lattices plays an important role ( [1] , 3.4.3) .
The existence of the center-valued traces in finite von Neumann algebras makes it natural to construct the theory of integration for traces with values in the complex order complete vector lattice F C = F ⊕ iF. If the von Neumann algebra is commutative, then construction of F Cvalued integration for it is the component part for the investigation of the properties of order continuous maps of vector lattices.
Let M be a non-commutative von Neumann algebra, let F C be a von Neumann subalgebra in the center of M and let Φ : M → F C be a trace with modularity property: Φ(zx) = zΦ(x) for all z ∈ F C , x ∈ M. It is known that the non-commutative L p -space L p (M, Φ) is a BanachKantorovich space [2] , [3] . In addition, Φ possesses the Maharam property: if 0 ≤ z ≤ Φ(x), z ∈ F C , 0 ≤ x ∈ M, then there exists 0 ≤ y ≤ x such that Φ(y) = z (compare with [1] , 3.4.1).
In the present article, we will study the faithful normal traces Φ on a von Neumann algebra M with values in an arbitrary complex order complete vector lattice. We give the full description of such traces in the case when Φ is a Maharam trace. With the help of the locally measure topology in the algebra S(M) of all measurable operators we construct the Banach-Kantorovich space L 1 (M, Φ) ⊂ S(M). We also state the version of Radon-Nikodym-type theorem for Maharam traces.
We use the terminology and results of the von Neumann algebras theory (see [4] , [5] ), measurable operators theory (see [6] , [7] ) and order complete vector lattices and Banach-Kantorovich spaces theory (see [1] ).
Preliminaries
Let H be a Hilbert space, let B(H) be the * -algebra of all bounded linear operators on H, and 1 be the identity operator on H. Let M be a von Neumann algebra acting on H, let Z(M) be the center of M and P (M) be the lattice of all projectors in M. We denote by P f in (M) the set of all finite projectors in M.
A densely-defined closed linear operator x (possibly unbounded) affiliated with M is said to be measurable if there exists a sequence {p n } ∞ n=1 ⊂ P (M) such that p n ↑ 1, p n (H) ⊂ D(x) and p ⊥ n = 1 − p n ∈ P f in (M) for every n = 1, 2, . . . (here D(x) is the domain of x). Let us denote by S(M) the set of all measurable operators. Let x, y be measurable operators. Then x+y, xy and x * are denselydefined and preclosed. Moreover, the closures x + y (strong sum), xy (strong product) and x * are again measurable, and S(M) is a * -algebra with respect to the strong sum, strong product, and the adjoint operation (see [6] ). It is clear that M is a * -subalgebra in
Let x ∈ S(M) and x = u|x| be the polar decomposition, where
, u is a partial isometry in B(H). Then u ∈ M and |x| ∈ S(M). If x ∈ S h (M) and {E λ (x)} are the spectral projections of x, then {E λ (x)} ⊂ P (M).
Let M be a commutative von Neumann algebra. Then M admits a faithful semi-finite normal trace τ, and M is * -isomorphic to the * -algebra L ∞ (Ω, Σ, µ) of all bounded complex measurable functions with the identification almost everywhere, where (Ω, Σ, µ) is a measurable space. In addition,
is the * -algebra of all complex measurable functions with the identification almost everywhere [6] .
The locally measure topology t(M) on L 0 (Ω, Σ, µ) is by definition the linear (Hausdorff) topology whose fundamental system of neighborhoods around 0 is given by
Here ε, δ run over all strictly positive numbers and B ∈ Σ, µ(B) < ∞. It is known that (S(M), t(M)) is a complete topological * -algebra. It is clear that zero neighborhoods W (B, ε, δ) are closed and have the following property:
A net {f α } converges to f locally in measure (notation: f α t(M ) −→ f ) if and only if f α χ B converges to f χ B in µ-measure for each B ∈ Σ with µ(B) < ∞. Thus {f α } remains convergent to f if τ is replaced by another faithful semi-finite normal trace on M. If M is σ-finite, i.e. any family of nonzero mutually orthogonal projectors from P (M) is at most countable, then there exists a faithful finite normal trace τ on M. In this case, the topology t(M) is metrizable, and convergence of a sequence f n t(M ) −→ f is equivalent to convergence of f n to f in trace τ. Let now M be an arbitrary finite von Neumann algebra, Φ M :
The locally measure topology t(M) on S(M) is by definition the linear (Hausdorff) topology whose fundamental system of neighborhoods around 0 is given by
where · M is the C * -norm in M. It is known that, (S(M), t(M)) is a complete topological * -algebra [8] .
The net {x α } ⊂ S(M) converges to x ∈ S(M) in trace Φ M (notation:
Proposition 2.1. (see [7] , §3.5) Let M be a finite von Neumann algebra, x α , x ∈ S(M). The following conditions are equivalent:
Let τ be a faithful semi-finite normal trace on M. An operator x ∈ S(M) is said to be τ -measurable if τ (E ⊥ λ (|x|)) < ∞ for some λ > 0.
The set S(M, τ ) of all τ -measurable operators is the * -subalgebra in
Denote by t τ the locally measure topology in S(M, τ ) generated by a trace τ (see, for example, [9] ). If x α , x ∈ S(M, τ ) and x α converges to x in topology t τ (notation:
−→ x ( [7] , §3.5). If τ is finite, then topologies t(M) and t τ coincide ( [7] , §3.5). It is known that x α τ −→ x if and only if τ (E ⊥ λ (|x α − x|)) → 0 for all λ > 0 [10] . Denote by T (M) the set of all nonzero finite normal traces on the finite von Neumann algebra M.
Proof. (i) Let τ ∈ T (M) and s(τ ) be the support of a trace τ. Then
0. The restriction τ 0 of the trace τ on Ms(τ ) is a faithful finite normal trace. Therefore convergence x α s(τ )
−→ xs(τ ). Using continuity of the operator function √ y, y ∈ S + (Ms(τ )) [11] , we obtain
(ii) Since T 1 (M) is the separating family traces on M, sup
Hence there is a family {z i } i∈I of nonzero mutually orthogonal central projectors such that sup i∈I z i = 1, and for any i ∈ I, there exists
, chapter III, §2). We defined the faithful semi-finite normal trace on M as
It is clear that restrictions τ and τ i coincide on Mz i . In addition,
Vector lattice-valued traces
Throughout the section, let M be an von Neumann algebra, let F be an order complete vector lattice, and let
If M is a finite von Neumann algebra, then its center-valued trace
Let ∆ be a separating family of finite normal numerical traces on the von Neumann algebra M,
Then Φ(x) = {τ (x)} τ ∈∆ is also an example of an faithful normal C ∆ -valued trace on M.
Let us list some properties of the trace Φ :
Proof. The proof of (i) and (ii) is the same as for numerical traces (see, for example, [5] , chapter V, §2).
The proof of (iii) follows from the inequality |Φ(
(iv) Let U(M) be the set of all unitary operators in M. Then Φ M (x) belongs to the closure of the convex hull co{uxu
(v) Since |x + y| ≤ u|x|u * + v|y|v * for some partial isometries u, v in M (see [13] ), we have, by virtue of (i)
The trace Φ : M → F C possesses the Maharam property if for any 
Note that if τ is a faithful normal finite numerical trace on M and dim(Z(M)) > 1, then Φ(x) = τ (x)1 is a Z(M)-valued faithful normal trace. In addition, Φ does not possess the Maharam property. In fact,
Let F have an order unit 1 F . Denote by B(F ) the complete Boolean algebra of unitary elements with respect to 1 F , and by s(a) := sup
Let Q be the Stone representation space of the Boolean algebra B(F ). Let C ∞ (Q) be the order complete vector lattice of all continuous functions a : Q → [−∞, +∞] such that a −1 ({±∞}) is a nowhere dense subset of Q. We identify F with the order-dense ideal in C ∞ (Q) containing algebra C(Q) of all continuous real functions on Q. In addition, 1 F is identified with the function equal to 1 identically on Q ([1],  1.4.4) .
The next theorem gives the description of Maharam traces on von Neumann algebras. 
The set Z h (M) is an order complete vector lattice with a strong unit 1 with respect to algebraic operations, and the partial order induced from M h . Moreover, the Boolean algebra of all unitary elements in Z h (M) with respect to 1 coincides with P (Z(M)). Let T be a restriction of
. It is clear that T is an injective positive order continuous linear operator. If
, a ∈ C(Q), then there exists y ∈ M + such that y ≤ x and Φ 1 (y) = a. By Proposition 3.1 (iv), we 1] guarantees the existence of a Boolean isomorphism ϕ from B(F ) onto a regular Boolean subalgebra B in P (Z(M)) such that gT (x) = T (ϕ(g)x) for all g ∈ B(F ) and x ∈ Z h (M). We denote by A a commutative von Neumann subalgebra in Z(M) generated by B, i.e. A coincides with the bicommutant of B. It is known that A h = {x ∈ Z h (M) : E λ (x) ∈ B for all λ} where {E λ (x)} are the spectral projections of x. The Boolean isomorphism ϕ is extended to the * -isomorphism ϕ from the * -algebra C(Q) C onto the
λ i e i is a simple element, λ i ∈ R, e i ∈ B(F ), i = 1, . . . , n, then
for all x ∈ A h . Furthermore, we note T ( ϕ(a)x) = aT (x) for any a ∈ C(Q), x ∈ A h . This is obtained by approximating the elements from C(Q) by simple elements. Therefore, Φ 1 ( ϕ(a)x) = aΦ 1 (x) for all a ∈ C(Q) C , x ∈ A, in particular,
Hence the restriction T 0 of the operator T on A h is a lattice isomorphism from A h onto C(Q). Therefore T 0 is a Maharam operator. By Theorem 4.2.9 from [14] , there exists an operator of conditionally mathematical expectation E : Z h (M) → A h satisfying the following conditions:
(E1) E is an injective positive order continuous linear operator,
The operator E is extended to the operator E : Z(M) → A. It is clear that the condition (E1) is satisfied for E, the condition (E2) has the form Φ 1 (xy) = Φ 1 (x E(y)) for all x, y ∈ Z(M), and the condition (E3) is valid for all z ∈ A, y ∈ Z(M). The condition (E2) implies that
Using equalities (1), (2) and Proposition 3.1 (iv), we get
for any x ∈ M. Taking in (3) ψ = ϕ −1 and letting E as E, we obtain the statement of Theorem 3.2.
Due to Theorem 3.2, the * -algebra B = C(Q) C is * -isomorphic to a von Neumann subalgebra in Z(M). Therefore B is a commutative von Neumann algebra, and * -algebra C ∞ (Q) C is identified with * -algebra S(B). In particular, there exists a separating family of completely additive scalar-valued measures on B(F ), and therefore F is a KantorovichPinsker space ([1], 1.4.10) .
We claim that a version of Radon-Nikodym-type theorem is valid for a Maharam trace Φ. For this, we need the space L 1 (M, Φ) of operators from S(M) to be integrable with respect to Φ.
Let F be a Kantorovich-Pinsker space and let Φ be an F C -valued Maharam trace on the von Neumann algebra M. The net {x α } ⊂ S(M) converges to x ∈ S(M) with respect to the trace Φ (notation:
−→ 0 for all λ > 0.
Proof. Let ν be a faithful normal semi-finite numerical trace on B.
Choose {e i } i∈I to be a set of nonzero mutually orthogonal projections from P (B) with sup i∈I e i = 1 F and ν(e i ) < ∞, i ∈ I. Set τ i (x) = ν(Φ(x)Φ (1) −1 e i ), x ∈ M, i ∈ I. It is clear that {τ i } i∈I is a separating family of finite traces on M. Due to Proposition 2.2, 
Cauchy sequence in (S(B), t(B)). Because of the completeness of * -algebra (S(B), t(B)), there exists f ∈ S + (B) such that Φ(|x n |)
−→ f. We claim that f = 0. First, we assume that algebra B is σ-finite. Then there exists a faithful normal finite numerical trace ν on B. We have Φ(|x n |) ν −→ f and the sequence {Φ(|x n |)} has an (o)-convergent subsequence. Therefore, as usual, we may and do assume that the sequence {Φ(|x n |)} (o)-converges to f in S h (B) (notation: Φ(|x n |)
is a faithful normal finite numerical trace on M. Since topologies t ν and t(B) coincide, Φ(|x n − x m |)
is complete, where x 1,τ = τ (|x|) [6] . Hence there exists x ∈ L 1 (M, τ ) ⊂ S(M) such that x − x n 1,τ → 0 and therefore, x n τ −→ x [10] . Because of the equality of topologies t τ and t(M), we have x = 0. This means that τ (|x n |) → 0, i.e. Φ(|x n |) ν −→ 0. Now let B be a general (not necessarily σ-finite) von Neumann algebra. For each 0 = e ∈ P (B), we set Φ e (x) = Φ(x)e, x ∈ M. It is clear that Φ e is a normal S h (Be)-valued trace on M, which does not have, generally speaking, the faithfulness property. A projection s(Φ e ) = 1 − sup{p ∈ P (M) : Φ e (p) = 0} is called the support trace of Φ e . As well as in the case of numerical traces ( see, for example, [4] , 5.15, 7.13), one can establish that s(Φ e ) ∈ P (Z(M)) and Φ e (x) = Φ e (xs(Φ e )) is a faithful normal S h (eB)-valued trace on Ms(Φ e ).
If Φ(|x n |) t(B) 0, then there is a nonzero σ-finite projection e ∈ P (B)
such that Φ(|x n |)e ν 0 where ν is a faithful normal finite numerical trace on Be. The last contradicts to what we proved above. 
It follows immediately from the definition of Φ and Proposition 3.1 that Φ is a linear mapping from L 1 (M, Φ) into S(B) and Φ(xy) = Φ(yx) for any 
Hence, |x| ∈ L 1 (M, Φ) and Φ(|x n |)
−→ 0. Hence, x n Φ −→ 0, and therefore x = 0. Let now B be not a σ-finite algebra. Let {e i } i∈I be a family of nonzero mutually orthogonal σ-finite projections in B with sup i∈I e i = 1 F . Since sup i∈I s(Φ e i ) = 1 and Φ(|x|)e i = Φ e i (|x|s(Φ e i )) ≥ 0 for all i ∈ I, we get Φ(|x|) ≥ 0. Similarly, the equality Φ(|x|) = 0 implies Φ e i (|x|s(Φ e i )) = 0, and therefore |x|s(Φ e i ) = 0 for all i ∈ I. Hence, x = 0.
Finally, we have
due to the inequality |x + y| ≤ u|x|u * + v|y|v * , x, y ∈ S(M) (see [7] , §2.4) and the trick in Proposition 3.1 (v).
−→ 0. Fix m and set y nm = x n − x m for n ≥ m. We have y nm −→ x. Choose a system {U n } of closed neighborhoods of 0 in (S(B), t(B)) with U n+1 + U n+1 ⊂ U n , n = 1, 2, . . . . Due to what we proved above, for any x n ∈ L 1 (M, Φ), there exists y n ∈ M such that x n − y n Φ ∈ U n . Since m n=k+1
x n − y n Φ ∈ U k for all m ≥ k + 1, the series Then x βn − x αn Φ ∈ U n , and therefore
Let now B be not a σ-finite algebra and let {x α } be a (bo)-Cauchy net in L 1 (M, Φ). Due to the completeness of (S(M), t(M)), there is
Let {e i } i∈I be the same family of projections in B, as in the proof of (i). It is clear that {x α s(Φ e i )} is a (bo)-Cauchy net in L 1 (Ms(Φ e i ), Φ e i ), and therefore, by virtue of what we proved above, there exists
is a (bo)-complete lattice-normed space. Now let us show that (L 1 (M, Φ), · Φ ) is a Banach-Kantorovich space, i.e. for any element x ∈ L 1 (M, Φ) and any decomposition
Set e i = s(f i ). It is clear that e i ∈ P (B), e 1 e 2 = 0, e 1 + e 2 = s( x Φ ). Since Φ is a Maharam trace, we have Φ(y) = Φ(1)ψ(E(Φ M (y))), y ∈ M (see Theorem 3.2). Let
−→ 0 and Φ(|y n |)
−→ Φ(|x|) (see the proof of (i)). Set y
−→ Φ(|x i |). Due to the property 3) from Theorem 3.2, we have Φ(|y
. As well as above, one can establish that q Φ(|x|) = Φ(|x|ψ −1 (q)) for all q ∈ P (B). Taking q = 1 F − s( x Φ ), we get Φ(|x|)(1 − ψ −1 (s( x Φ ))) = 0. Hence, |x| = |x|ψ −1 (s( x Φ )). Using the polar decomposition x = u|x|, we obtain
Note another useful properties of mapping Φ. Let Φ, M, Q, Φ M , A, ψ be the same as in Theorem 3.2, B = C(Q) C . It is clear that the * -isomorphism ψ from A onto B can be extended to the * -isomorphism from S(A) onto S(B). We denote this mapping also by ψ.
Hence,
i.e. {z n x} is a (bo)-Cauchy sequence. By Theorem 3.5, there exists y ∈
By virtue of Proposition 3.1(iv), Φ(z n x k ) = Φ(Φ M (z n x k )) = Φ(z n Φ M (x k )). Since (z n x k ) ↑ (z n x) as k → ∞, we have Φ(z n x k ) ↑ Φ(z n x) and Φ(Φ M (z n x k )) ↑ Φ( Φ M (z n x)). Therefore Φ(z n x) = Φ( Φ M (z n x)) for all n = 1, 2, . . . . After switching to the limit as n → ∞, we obtain Φ(zx) = Φ( Φ M (zx)) Let Φ be an The next theorem is a non-commutative version of the Radon-Nikodym-type theorem for Maharam traces. for all x ∈ M.
Proof. Let l be the restriction of Ψ on the complete Boolean algebra P (Z(M)), and let m be the restriction of Φ on P (Z(M)). Obviously, l and m are S h (B)-valued completely additive measures on P (Z(M)). In addition, m(ze) = ψ(z)m(e) for all z ∈ P (A), e ∈ P (Z(M)) (see Theorem 3.2). Hence, m is a ψ-modular measure on P (Z(M)) (see [1] , 6.1.9). Since the measure l is absolutely continuous with respect to m, by the Radon-Nikodym-type theorem from ([1], 6.1.11), there exists y ∈ L λ i e i is a simple element from Z(M), where λ i ∈ C, e i ∈ P (Z(M)), i = 1, . . . , n, then Ψ(a) = n i=1 λ i Ψ(e i ) = n i=1 λ i Φ(ye i ) = Φ(ya). Let a ∈ Z + (M) and {a n } be a sequence of simple elements from Z + (M) with a n ↑ a. Then Ψ(a n ) ↑ Ψ(a), ya n ↑ ya, and Φ(ya n ) ↑ Φ(ya) (see the proof of Proposition 3.6). Hence, Ψ(a) = Φ(ya) for all a ∈ Z + (M). Now using the linearity of traces Ψ and Φ, we obtain Ψ(a) = Φ(ya) for all a ∈ M.
Furthermore, due to Propositions 3.1(iv) and 3.6 we get Ψ(x) = Ψ(Φ M (x)) = Φ(yΦ M (x)) = Φ( Φ M (yx)) = Φ(yx)
for all x ∈ M. 
